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Hierarchical Interfaces in Random Media II:
The Gibbs Measures

Anton Bovier! and Christof Kiilske?
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We continue the analysis of hierarchical interfaces in random media started in
earlier work. We show that from the estimates on the renormalized random
variables established in that work, it follows that these models possess unique
Gibbs states describing mostly flat interfaces in dimension D > 3, if the disorder
is weak and the temperature low enough. In the course of the proof we also
present very explicit formulas for expectations of local observables.
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1. INTRODUCTION

In this paper we continue the analysis of hierarchical models for interfaces
started in refs. I and 2. It should really be seen as a companion paper to
ref. 1 and we will assume that the reader is familiar with that paper. In
ref. 1 we have proven a bound on the expected height of the surface at the
origin for these models in D >3 and for weak disorder. In this paper, we
will show that from the estimates obtained there, one can actually prove
existence and uniqueness of the Gibbs measure for these models and,
moreover, give a closed expression for the expectation values of any local
observable with respect to this measure. We believe that this is, at least, of
some pedagogical interest.

Although our models have been defined in ref. 1, we repeat them here
in a slightly different wording, setting up, in particular, the precise
probabilistic framework needed for the analysis of the Gibbs measures.
This will be done in the remainder of this section, where the main theorem
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will also be stated. In Section 2 we will prove this theorem, making use of
the estimates from ref. 1.

Recall that our models describe d-dimensional solid-on-solid surfaces
embedded in a D=d+ 1 lattice Z”. They will be constructed from collec-
tions of towers and wells with bases formed by squares of side length L”
and of arbitrary height, fitting together in a hierarchical way that will be
described formally as follows.

Let L be a positive integer that for simplicity we may choose to be
odd, L =2k + 1. We introduce the sets ¥ of labels for the blocks of the
nth hierarchy. As for the moment we work in infinite volume, each of these
sets is a copy of Z Let us define the map £~ Y™ » Y+ 1 by

4k
(z)—‘y),-s[———y'z ] (1)

where [x] denotes the largest integer less than or equal to x. We also
denote, for ye Y+ 1), by £y the set of points x € Y such that £ " 'x=y.
Note that thus the set £y is the cube of side length L” centered at L"y
in the underlying lattice Y® =274 To each such cube we associate a
“tower,” ie., an integer-valued height 4{". The collection of these heights
describes the surfaces. In particular, its actual height H, above a point
xe Y is computed as

H.=73Y ho.,. (1.2)
n=0

Notice that for (1.2) to make sense we must require that for each xe Y@,
the sequence A%, is summable, i.e., that only a finite number of its mem-
bers may be different from zero. Let us introduce also the “coarse-grained”
heights H{" above the cube ye Y™ in the Nth hierarchy as

HY="7% hJ%m (1.3)
n=0
Note that the collection of the H{™, NeZ,, yeZ? provides an
alternative representation of our surfaces.
We denote the state space of all surfaces described in this way by £,
1e.,

QE{{(X);")}yEY(n))nEZ+,Cl);/n)EZ Y ol <oo,Verd} (1.4)

n=0
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Q is a dense subspace of Q= (7} =7%*7 equipped with the product
topology of the discrete topology of Z. We will denote by 2 the trace of the
Borel sigma-algebra of ZZ"*% in @, ie.,

25( ® ® 9(2))“2 (1.5)

nezZ, yeyw

Let 2{": Q — Z be the projection given by
i (w) =l (1.6)

Note that this notation implies that H", too, can be considered as
functions on £ in a natural way. The reader may find the summability
condition imposed on the w(., in the definition of Q puzzling. But
notice that it is necessary to ensure that the heights H ™ (w) exist and are
finite for all w e Q. Since they furnish the actual physical description of the
surfaces, this is a necessary requirement.

The energy of a surface was defined formally as

20
E;=Y Y WPILY Ut ¥ J(H,) (17)
n=0 yey xe vy
where the J,(H) are random surface energies that describe the random
medium.

Our aim is now to turn (£, X) into a probability space with a prob-
ability measure given by a Gibbs measure associated to E,. To do this, we
have to construct first the corresponding local specifications (see, e.g., refs. 3
and 5), which is done as follows. Let A be a finite subset of ¥® =7 (note
that later we will be interested in sequences A, of such volumes that are
increasing and absorbing; i.e., for any finite subset X < Z“ there exists an #,
such that for all n>n,, X< 4,. We define

YOA) = {ye Y™ | L7y A} (1.8)

Note that, for given A, there exists a maximal value of » such that
Y"(A)# . We denote this value by n,(4). We then set

ni(A4)
Y(A)= ) Y™(4) (1.9)
n=0
Correspondingly, we denote the finite-volume state spaces
Q(/:l) = {{wj(/n)}ys Y(")(A)} = Zy(n)(/l)

o Yot (1.10)
QA = {{wy }ye Y"(A),n=0,.., n,v(A)} =7

822/73/1-2-17
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We denote by

the sigma-algebra generated by the canonical projection from 2 to 2 ,. We
will also write

EA‘EO-({th)}yG Y(“)(A)”,nel+)
and
QAC-—_—{{Q);”)}er(,,)c,neL1(0A,wAc)EQ} (1.11)

The local specifications u7, ; , are probability kernels on £, such that for
given configuration # = (%, 1 4) € 2 and any X-measurable function f,

1
Wi A== (@404 xPL=BE s 01,7, oo, (1.12)
A,B8.J " 824
where
ni(A)
EA,J(wAsnAf)E z Z |h§/n)(w/1)‘ Ly Z J(H {0 4,1 4)) (1.13)
n=0 ye vin4) xed

Z" 4, is as usual the normalization constant (“partition function”) which
turns the u” ,, into probability kernels on . Note that u , (f) is
2 -measurable, p" ; (f8)=f(n) 1’y 4 (), if fis 2 ~measurable, and for
A, = A, these kernels satisfy the compatibility condition

Wi g sty 5,0 = Wity g (1.14)

A probability measure g on (2, X'} is called a Gibbs measure for the local
specification u” ; , if it satisfies the Dobrushin-Landford—Ruelle (DLR)
equations®*

Pl .= M for all finite A (1.15)

We recall now the assumptions that were made on the family of
random variables describing the disorder. Let (I, #, P) be an abstract
probability space, let J= {J (H)},_z .z« be a family of random variables
defined on this space, and denote by

D (H, H')=J (H)—J(H') (1.16)

the associated difference variables. We assume that the following properties
hold:
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(i) For fixed x, the stochastic processes {D (H, H')}, ;.., are
stationary under the simultaneous shift (H, H')—>(H+k, H +k), for
kel

(ii) The stochastic processes {J.(H)},., are independent for
different x.

(iii) ED(H, H')=0, for all xeZ

We are now in a position to announce our main result:

Theorem 1. Let d>2, J={J(H)} .z ..z« be such that (i) (ii),
and (iii) hold. Assume in addition that for some fixed 0<r<1/2 the
associated difference variables satisfy for all 6> 0, for all xeZ% and all
H+H eZ

52 52—2r
P[DX(H,H’)>5]<exp<~m)+exp<— o ) (1.17)

Then there exist f,< o0, 62>0, and Ly<oo and a set [T, P(I") =1,
such that for all §= B, 6°<0), L>L,, and JeI the local specification
K45, has a unique Gibbs measure p; .

Remark 7. We will give an explicit construction of u, , for local
observables.

Remark 2. Note that the condition (1.17) is in fact slightly more
general than the conditions in refs. 1 and 2, which correspond to the
extreme cases * =0 and r=1/2, respectively. It is, however, very easy to
extend the estimates from ref. 1 to this entire range (details can be found
in ref. 4).

Remark 3. 1t may appear surprising that we prove the existence
of one unique Gibbs state. In fact, this is an artefact of the hierarchical
structure of the model. The nontrivial statement of the theorem is that of
the existence of the Gibbs measure.

Remark 4. As explained in ref 1, the condition &> 2 is crucial for
our proof, and the result is not expected to hold if d=2 (at least for the
nonhierarchical model. The minimal value of L for which we can prove the
result depends on 4 and tends to infinity as d| 2. One may expect that in
d=73 the theorem should hold with L,=2 (or 3); however, for technical
reasons due to the method of proof we need a larger value. This is
explained in ref. 1.
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2. CONSTRUCTION OF THE GIBBS MEASURE

In this section we will derive an explicit expression for the local
specifications introduced in the last section that reflects in a particularly
transparent manner the hierarchical structure of our models, and that will
turn out to be crucial in constructing the actual infinite-volume Gibbs
measures.

Let us begin by introducing some notation. Let us denote, for any
B>0, by %< R” the set

H={ {0} s

y e‘ﬂ("'+"")<oo} (2.1)
nelZ

and let % be the intersection of all these sets, i.e.,

= % (22)

B8>0

For any sequence {a,},., €%, we define measures jz({a,},.,) on Z by

pp{an}pecz)({m})= e fimsam (23)

We denote by {4({a,},.7) the corresponding “partition functions,”

ne”

(p{antnez)= ) e MinTe (2.4)

nelZ

and by pg({a,},.,) the probability measures obtained by normalizing
Pp({a,} 7). Note that these measures are really Gibbs measures on Z.
The measures are the same for sequences that differ only by a constant, and
we will view p; as probability measure-valued functions on #/R. An object
of particular interest will be seen to be the “free energy” @, associated to
these measures, which we will consider as a real-valued function on %,
defined by

Pp({an}pes)= —%ln Y g~ AlnlTan (2.5)
nez

(Note that we have changed the notation here slightly from that of
ref. 1I—see Eq. (2.4) there—for later convenience.) Finally, we have to
consider the action of the translation group Z on our objects. We will
denote by the generic name T, the lift of the transiation operator on
sequences, i.¢.,

Tkpﬂ({an}nel)EPB({an+k}neZ) (26)

Tk¢B({an}nEZ)E¢ﬁ({an+k}nel) (27)
etc.
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Using this terminology, we can write the local specifications (1.12) as
follows:

1
n _ e
IlA,/g,J(f) n J\Q%i(/’)) fg(/;.,»(/r)— 1 J\_Qg’)

ZA,/},J
< J1 Peenl{0},c2)(d0f?)

Yn; € Y("i)(A)

x T Bann({0},co)doim ) -

Yu-1€ Y= D(4)

X eae

X I—[ pBu) {O}nez)(dw(l))
yie Yia)

X H THg [ (cuA nAc)pB({‘]yo(n)}neZ) (dw(O))f(w/h nAC)
e YO4)

(2.8)
where we have set =L~ V"g Notice that H{!’ does not depend on

variables in Q9. Our strategy is to replace the measures Pg in the last line
by the correspondmg normalized measures p,, using that

[T pp({0},coNdwf))

yre Yiia)
x l_[ THy 1, (‘UA ’}Ac)pﬂ({ }nEZ)(dw(O))f(w/H ’1/15)
yoe Y(O(1)
= 1 {0}, )d’)) Thiw e [T Cs({J0(m},c2)
rre Ya)y yoe Ly
x l—.[ TH_y Ly, (CUA 7 4¢) pB { 0 n)}neZ)(dw(O))
re Y0
x H TH(;)-lyO(VIAc)Cﬂ({Jyo(n)}nel)f(wA’ 4c)

roe YOUAN £ Y

= H TH_{, 4, (@4 ,,Ac)p,;m({J (n }nez (dw(l))

yie Yiia)
X H THy 1, (wAaflAc)pﬁ({‘])’O(n }nel)(dww))
voe YO(a)
X H TH;)—lyo(nAr) Cﬁ({']yo(n)}nez)f(w/li nA‘) (29)

roe YO ANL ya)
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Here we have defined

T Ta (0} e) 2.10)
ye £y

Note that we have written Hf;,’_lyo(n 1) in the fast line of (2.9) to make

explicit that this variable depends only on the external configuration. Thus

the product in the last line is just a X -measurable constant. It is now

evident that this procedure can be iterated, resuiting in the following

JOH) =

expression:
” ' — -
”A,ﬂsl(f) L)‘,{”"”’ J‘Q%MH) Lz‘,?’
. (ny) ()
X n TH(gf-;l)), (n,[c)pﬁ‘“”(‘]yn,- )(dwm )
yn€ YA "
. (mi—1) (ni— 1)
X Il Ty‘i;’_ly _ f((UA,'?Ac)pﬁ(n’v”(Jyn;—l )(dwyﬂ;—l )
Im—1€ Y~1A) i
X -
(1) (1)
X H TH?L1_‘,1(w,1,'1,1c)p/3“’(']y1 )(dw.w )
yre Y1)

x 1 Tal) el d0)) flonne)  (211)

yoe YO4)

Here we use, for notational convenience, the abbreviation

J={J"(h)}, . The sequences J\™ are recursively defined by
JOH)=J,(H)

(2.12)

J}(;”)(H)ELdlfl z Tquﬁ(nan(J)(C"Vl))
xe Ly
These are of course just the renormalization group equations derived and
analyzed already in refs. 1 and 2. Note that the constants that were still
present in (2.9) have canceled against the partition function, so that in
(2.12) we have achieved our goal of expressing the local specification
entirely in terms of the probability measures p;.

Let us now consider a function f that is measurable with respect to
the g-algebra X ,, which we will call a “local function.” (Note that each
cylinder function is a local function in this sense.)

Define now for any A < Z¢ the sets

YW={ye YD | FynA+T} (2.13)

Notice that for any finite A, for n large enough, ¥"(A) will eventually
consist of just the point zero. We define

nlA)=inf{n| ¥ ={0}} (2.14)



Hierarchical Interfaces in Random Media 261

If now we consider an absorbing and increasing sequence of volumes A,
then for any given A, there exists some k< oo such that n%(A o) =
sup{n | L"0c 4,,} 2n,(A4). The expectation of f with respect to the
local specifications corresponding to A,, k >k, can then be written [with
n®=n%4,)] as

) 0
'u%“ﬂ’f(f) = fz TH(()”?H](MZ)!)/)‘("?)(J((;'"))(d(l)énf))

0 0 0_ 1 0 4
% [ Tutfiomgrpst 208" D) dal =)

X oews

, oA oA
X Jz TH((J"“(A)T”(wAkWA,‘()pﬁ[”“(’“’(‘]én ) (deo A

X J TH(na(h)) (@4 ”Ac)pB(na-l)(J(”a*I)) (dw(”a“ 1))

gl Yny—1
Yag _1eY<"a Uea)

X e

x 1 f Tr) .\, (@anis) Ppol T deo (D) flw ) (2.15)

yoe 7O(a) °Z

Notice that the dependence on 7, only enters through H( 7+ Dy ) and

that the integral in the last four llnes is just a function £, dependmg only
on

(©) ] ]
6081" ANy ... +a)g”i)+H(()n’+1)(’7Ai)

Thus (2.15) can be written in the form
W ps(f)= -[z ‘" D) P g )(_](" ))(dcu(” )
X jz THt()"’ ) + ) p g ““(J(" ”)(dw(()"?—l))
X ene
X J. TH(" +l)(v14;)+wé"?]+ +wgn,,(/t)+l)pﬂ(na(,i))(J(()na(A))) (dap o)

~ @) o
x F@§ D+ -+ ofD + B V()

f ‘n°<Ak>(::&)(dH ) f(H) (2.16)
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In the last equation, only the measures

0

S+l
Hy' " (n49)
n(A) 1, A)

depend on the finite volumes A, and the boundary conditions 7 .
Moreover, the dependence on these boundary conditions is only through

the sequence of integers H (A")H(n 1), that is, the corresponding infinite-
volume limits depend only on the limit of this sequence. Now due to the
definition of © [recall (1.4)], these sequences converge to zero as A, 177
for all neQ. In this way we see that the hierarchical model admits
effectively only one “boundary condition at infinity.” To construct the
infinite-volume Gibbs measures, we are thus left to analyze the convergence
of the measures on the integers

— 40
Vil ) = Vad(ag)n ()
Lemma 2.1. Suppose that J{* are such that

pan(J§) (@™ #0) < o0 (2.17)
=0

n=

Let v, ,, be the measures defined below Eq. (2.16). Then

w-lim v
nt o

=v,, (2.18)

n, ng
exists.

Proof. Let us define measures ,,,, on Z"~™*"! through
o 8)= | T de™)

x f T o gir-n(J§"~ V) (deo ™~ 1)
Z
X e

X J Tomg ... +a)("o)pﬁ(no)(Jém)))(dw(nO))
z
x g™tV ™) (2.19)

Of course the measures v, , are just the measures on the sum-variables
o™+ .- +»" induced by the p, . To prove the weak convergence of
those measures, we first show that for all k€ Z the sequences v, ,,({k}) are
Cauchy sequences (w.r.t. n).
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For integers n, > n, > n, we have

Vi o (k1) = by (@ + - + 0™ =k A (@Y, 0)=0)
+ an,no(w("(’) + -+ o™=k A (w(m M 1),..., (1)("2)) #O)
(2.20)

For the first term we use
:unz,ng(w(m)) 4+ o+ o™=k | (0)("‘ + 1)’_”’ w(nz)) =())

= Aum,no(w(nO) + o +w(n1) =k) (221)
to write

‘unz,no(w(no) o=k A (w(n1+ 1),‘__’ Cu(nz)) — O)
= (@ O =k | (@), 0 =0)
X l"tnz,n()((w(nl+ 1)5"'5 a)(”l)) = 0)

=V o {E L = gy (@1, 02)) £ 0)) (222)
We estimate the second term in (2.20) by

an,no(w(n0)+ +w‘"2’=k A ((u“”*“,..., w(”l));éo)

Lty (@D, ) £0) (2.23)
Hence

|Vn2,no( {k}) - vnl,no({k} )|
S Mgy (@ D,y 002 £ 0)(1 + v, ({5 )

< 2ty g (@711, 0) £0)
ny
=2 Y (@™ #0A (@77, 00)=0)
m=n;+1

n

=2 Y Mm@ #0) o, (@, 0) = 0)
m=n+1

2!
<2 Y pp N @™ #0) (2.24)

m=n+1

But by our assumption, pzm(J{") (0™ #0) is summable and thus the last
line in (2.24) converges to zero as n,, n,T o0, as desired. Hence we define
Vo {k})=lm,; , v, . ({k}). To end the proof, we have to verify that this
defines a probability measure v,, on Z.
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To do so, note that from the same reasoning as above we get

Sup Z vnz,ng({l})<2 z p[j(’")(J(()m))(w(m);éO)
mzn [ |ll=k e ——
+ Z vnl,no({l}) (225)
Lill=k

From this it follows that

lim imsup ¥ v,,({/})=0 (2.26)

kTow #nftoo IEY S

From (2.26) then in fact it follows, of course, that

oo}

Y v ({)=1m lim Y v,,.({})

I= o kfoo nToo 1k

=1—lm lim ¥ v, ({})=1 1 (2.27)

kT ntoo LU =k

An immediate corollary of Lemma 2.1 is the following proposition,
which forms the central result of this section:

Proposition 2.2. Let J{ satisfy the assumptions (2.17) of
Lemma 2.1. Then the infinite-volume limit w-lim; , u%, 4 , =, ; exists for
all n € £ and is independent of the choice of  and of the sequence A,. Here
tp, s is the unique Gibbs measure for the local specification p, g ;.

Proof. To prove (i), just notice that, for any X ,-measurable function
J, (2.16) together with Lemma 2.1 implies that

lim w2, ()= | valdo) Fo) (228)
Too z

since lim, ;o H(()"?(/‘k”(n) =0. Thus we take the right-hand side of (2.28) as
a definition of the finite-dimensional marginals. These are easily checked to
be compatible and hence give by Kolmogorov’s theorem a unique infinite-
volume measure yi, ;. Since our specification is not continuous, we cannot
directly conclude from the compatibility relations (1.14) by performing the
infinite-volume limit that p, , satisfies the DLR equation. However, using
(2.28), this is easily verified by a direct calculation on finite-dimensional
cylinder events. Conversely, it is well known that for all extremal Gibbs
measures p, ; we have the ug ~a.s. convergence of p” 5. (f) to pg ;(f) for
all bounded measurable functions f (see ref. 3, p.122). Since we have
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classified the weak limits of local specifications for a// boundary conditions,
we have in fact already obtained all Gibbs measures. |

We see that to prove Theorem 1 from Proposition 2.2, all that is left
to do is to show that the assumption of Lemma 2.1, Eq. (2.17) is verified,
with probability one, under our hypothesis on the random variables J. But
given the estimates proven in ref 1, this is quite easy. Namely, from
Proposition 3.1 of ref. 1 we have that

52 / 2—2r
PIJWHY< =61 — — 2.2
[J(H) 5] <exp ( 207 IHI2’> +exp k -7 ) (2.29)

with 62 = c"¢?, for some c <1 (for r=0, see ref. 2, and for 0 <r<1/2, see
ref. 4). Now the convergence of the series in (2.17) is guaranteed if all but
a finite number of its terms are dominated by the terms ¢, of some
convergent series. Thus the theorem is proven if

PLp s &N @™ £0)> ¢,1.0.1=0 (2.30)

which follows from the Borel Cantelli femma‘® and the fact that

Y PLosm(J) (0" #£0)> ¢, ]
0

n=

i
s
=

|:Zh;é0 exp{— LA + /" (W]} }
Shexp{ =LA+ I} T

<3 P[z exp{—ﬁ('“[iht+Jé">(h)1}>cn}

< i y P[J(‘)"’(h)< —|h|~—1—1n(c,,<x,,)]<oo (2.31)

a=0 h+#0 ﬁ(")
where o, =e /(1 —¢~'), and ¢, may be chosen, e.g., equal to (1/2)".
Thus Theorem 1 is proven.
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